Abstract. We obtain an existence criterion for Hall subgroups of finite groups in terms of a composition series. As a corollary we provide a solution to Problem 5.65 from the Kourovka notebook.
Introduction
Let p be a set of primes. We denote by p 0 the set of all primes not in p, by pðnÞ the set of prime divisors of a positive integer n, for a finite group G we denote pðjGjÞ by pðGÞ. A positive integer n with pðnÞ J p is called a p-number, a group G with pðGÞ J p is called a p-group. A subgroup H of G is called a p-Hall subgroup, if pðHÞ J p and pðjG : HjÞ J p 0 . According to [3] we say that G satisfies E p (or briefly G A E p ), if G contains a p-Hall subgroup. If G A E p and every two p-Hall subgroups are conjugate, then we say that G satisfies C p ðG A C p Þ. If G A C p and each p-subgroup of G is contained in a p-Hall subgroup of G, then we say that G satisfies D p ðG A D p Þ. A group satisfying E p (resp. C p , D p ) is also called an E p -group (resp. a C p -group, a D p -group). Let A, B, H be subgroups of G such that B t A and H c G. Then N H ðA=BÞ ¼ N H ðAÞ V N H ðBÞ is the normalizer of A=B in H. If x A N H ðA=BÞ, then x induces an automorphism of A=B by Ba 7 ! Bx À1 ax. Thus there exists a homomorphism N H ðA=BÞ ! AutðA=BÞ. The image of N H ðA=BÞ under this homomorphism is denoted by Aut H ðA=BÞ and is called a group of induced automorphisms of A=B, while the kernel of this homomorphism is denoted by C H ðA=BÞ and is called the centralizer of A=B in H.
All results of the paper depend on the classification of finite simple groups. We can avoid its use with the following definition. A finite group is said to be a K-group, if all of its composition factors are known simple groups, i.e., are either cyclic of prime order, or alternating, or of Lie type, or sporadic. If we replace the term 'finite group' by the term 'finite K-group', then all results remain valid without the use of the classification of finite simple groups.
In [6, Theorem 7.7] we proved the following theorem. By using this theorem we obtain that a finite group G satisfies D p if and only if every composition factor satisfies D p . In [5] an arithmetic description of finite simple D p -groups was obtained; thus there exists a precise arithmetic criterion for determining whether a finite group G satisfies D p . Our aim is to find a similar criterion for E p .
The following easy proposition is well known (see [3, Lemma 1] ).
Proposition 2. Let A be a normal subgroup of G. If H is a p-Hall subgroup of G, then H V A is a p-Hall subgroup of A, and HA=A is a p-Hall subgroup of G=A.
It follows from this that a normal subgroup and a factor group of an E p -group satisfy E p . But an extension of an E p -group by an E p -group may fail to satisfy E p (see Example 14). Thus a criterion for a finite group to satisfy E p will be di¤erent in nature to a criterion for D p .
In [1, Theorem 3.5] Gross proved the following theorem. 
Þ A E p for all i with 1 c i c n;
The definition of Aut G ðA=BÞ is given above; the symbol AðGÞ denotes the set of all atoms of G. Recall that a subgroup A of G is called an atom, if A is subnormal in G, A ¼ A 0 , and A has exactly one maximal normal subgroup. If in statement (a) we take H ¼ G, then we obtain that G A E p . Thus the condition Aut G ðG i =G iÀ1 Þ A E p for all i with 1 c i c n implies that G A E p . The main goal of the present work is to prove that the converse is true. The following result is our main theorem.
The recently completed classification of p-Hall subgroups in finite simple groups (see [7] ) is the main technical tool for the proof of the theorem. Combining Theorems 3 and 4 we obtain a criterion for a finite group to satisfy E p . (a) H A E p for all subgroups H such that H ðyÞ is subnormal in G;
Thus we need to check that Aut G ðG i =G iÀ1 Þ A E p only for nonabelian composition factors. Moreover, let
is a direct product of isomorphic simple groups. Assume that G i jþ1 =G i j is non-abelian; thus T 1 F T 2 F Á Á Á F T s are non-abelian finite simple groups. We may choose the numbering of T 1 ; . . . ; T s so that G i j þ1 is the complete preimage of T 1 in G, G i j þ2 is the complete preimage of 
Thus we obtain the following
So we have the following problem: describe the almost simple E p -groups. Recall that a finite group G is called almost simple if the generalized Fitting subgroup F Ã ðGÞ of G is simple, i.e., if S c G c AutðSÞ for a non-abelian finite simple group S. If an arithmetic description of finite almost simple E p -groups could be obtained, then Corollary 6 would give an exhaustive arithmetic criterion for determining whether a finite group G satisfies E p . At the end of the paper we prove some corollaries to the main result. Corollary 7 is the main result of [12] , but the solution presented in [12] is known to contain a gap1, which at the time of writing has yet to be filled.
Corollary 7.
A finite subdirect product of E p -groups satisfies E p .
Combining Proposition 2 and Corollary 7 one can obtain an a‰rmative answer to [13, Problem 5 .65] and [9, Problem 18].
Corollary 8. For every set of primes p the class of all E p -groups is a formation.
In view of Proposition 2 a homomorphic image of a p-Hall subgroup is a p-Hall subgroup (in the homomorphic image of the E p -group). The following corollary shows that all p-Hall subgroups of a homomorphic image can be obtained in this way. The main technical tool in the proof of Theorem 4 is the following lemma, which is of independent interest. Lemma 10. Let S be a non-abelian finite simple E p -group and suppose that S < G c AutðSÞ and G B E p . Then 2; 3 A p V pðSÞ and there exists an element x of G such that hx; Si B E p and the order of x is either a power of 2 or a power of 3.
To prove this lemma we shall use a theorem on the number of conjugacy classes of p-Hall subgroups in finite simple groups ([7, Theorem 1.1]).
Notation and preliminary results
The term 'group' always means 'finite group'. By p we always denote a set of primes. The expressions H c G and H t G mean respectively that H is a subgroup and a normal subgroup of G. An extension of an E p -group by an E p -group may fail to possess a p-Hall subgroup, as is shown in the following known example. 
where V is the natural module of G, and dim V k =V kÀ1 A f1; 2g for k ¼ 1; 2; 3. Therefore, there are three conjugacy classes of p-Hall subgroups of G with representatives 
Moreover i interchanges the classes containing H 2 and H 3 . So, as in the previous example, these subgroups are not contained in p-Hall subgroups ofĜ G.
Proof of the main theorem and the corollaries
Proof of Lemma 10. Suppose that S is a finite simple E p -group and G is chosen so that S < G c AutðSÞ and G B E p . Assume also that for every proper subgroup M of G with S c M we have M A E p , i.e., G is a minimal subgroup of AutðSÞ containing S subject to G B E p . Notice that G=S is a p-group. Indeed, by the Schreier conjecture G=S c AutðSÞ=S is solvable, hence it satisfies D p . Consider a p-Hall subgroup M=S of G=S. If G=S is not a p-group, then M is a proper subgroup of G, hence it satisfies E p in view of the minimality of G. So there exists a p-Hall subgroup H of M. Since jG : Mj ¼ jðG=SÞ : ðM=SÞj and M=S is a p-Hall subgroup of G=S, we obtain that jG : Mj is a p 0 -number, so H is a p-Hall subgroup of G. This contradicts G B E p . We have that G, acting by conjugation, permutes the elements of K p ðSÞ, so we obtain a homomorphism j : G ! SymðK p ðSÞÞ F Sym k p ðSÞ . By Lemma Assume that k p ðSÞ ¼ 2 and G B E p . Then G j F Sym 2 , so there exists an element x A G such that x j ¼ ð1; 2Þ. Clearly we may assume that the order of x is a power of 2. By Lemma 13 we obtain hx; Si B E p .
Assume that k p ðSÞ ¼ 3. Since G has no fixed points on K p ðGÞ, it acts transitively on K p ðSÞ, so there exists an element x A G such that x j ¼ ð1; 2; 3Þ. Clearly we may assume that the order of x is a power of 3. By Lemma 13 we obtain hx; Si B E p .
Assume finally that k p ðSÞ ¼ 4. Then G j , as a subgroup of Sym 4 , acts without fixed points. Now every subgroup of Sym 4 that does not fix a point contains an element of type ði; jÞðk; lÞ. Consider an element x A G in the preimage of such an element ði; jÞðk; lÞ under the homomorphism G ! Sym 4 . Since jði; jÞðk; lÞj ¼ 2, we can choose x of order a power of 2. Furthermore x stabilizes no conjugacy class of p-Hall subgroups of S, hence by Proposition 2 and Lemma 13, the group hx; Si has no p-Hall subgroups. r Note. Using the classification of p-Hall subgroups it is possible to show that if k p ðSÞ ¼ 3, then S possesses an AutðSÞ-invariant class of conjugate p-Hall subgroups. So the element x from Lemma 10 may be chosen to be a 2-element. However this fact needs a rather complicated analysis of simple E p -groups with three conjugacy classes of p-Hall subgroups and we do not give it here.
Proof of Theorem 4. Assume by contradiction that G is an E p -group, with composition series 1
we obtain that Aut G ðG i =G iÀ1 Þ A E p . Thus G i =G iÀ1 is non-abelian. By Lemma 10 we have that 2; 3 A p V pðGÞ and there exists x A Aut G ðG i =G iÀ1 Þ such that hx; G i =G iÀ1 i B E p and the order of x is either a power of 2 or a power of 3. Let y A N G ðG i =G iÀ1 Þ be a preimage of x; it may be chosen to be a 2-element or a 3-element. By Sylow's theorem there exists a p-Hall subgroup H of G such that
. By Lemma 13 we obtain that hx; G i =G iÀ1 i A E p , a contradiction. r Now we are able to prove the corollaries.
Proof of Corollary 7. It is enough to prove that if G is a finite group with normal subgroups M, N such that M V N ¼ 1 and G=M, G=N A E p , then G A E p . Clearly we may assume that both M and N are proper subgroups of G. Let 1 ¼ G 0 < G 1 < Á Á Á < G n ¼ G be a composition series of G which is a refinement of a chief series of G through M. If G i > M, then the condition G=M A E p and Theorem 4 imply that Aut G ðG i =G iÀ1 Þ A E p . If G i c M, then the condition M V N ¼ 1 and Lemma 12 imply that Aut G ðG i =G iÀ1 Þ F Aut G=N ððG i N=NÞ=ðG iÀ1 N=NÞÞ. Condition G=N A E p and Theorem 4 imply that Aut G=N ððG i N=NÞ=ðG iÀ1 N=NÞÞ A E p . Therefore by Corollary 5 we obtain that G A E p . r Proof of Corollary 9. Let G A E p , A t G and M=A be a p-Hall subgroup of G=A. Let 1 ¼ G 0 < G 1 < Á Á Á < G k ¼ G be a composition series of G which is a refinement of a chief series of G through A, so G n ¼ A for some n. Let 1 ¼ M n =A < M nþ1 =A < Á Á Á < M m =A ¼ M=A be a composition series which is a refinement of a chief series of M=A. Then
is a composition series of M which is a refinement of a chief series of M. Since M=A is a p-group, then, for each i > n, Aut M ðM i =M iÀ1 Þ satisfies E p . For every non-abelian composition factor G i =G iÀ1 with i c n we have that 
